SUMMARY This paper considers a neighborhood broadcasting protocol in undirected de Bruijn and Kautz networks. The neighborhood broadcasting problem(NBP) is the problem of disseminating a message from an originator vertex to only its neighbors. Our protocol works under the single-port and half-duplex model and solves NBP in 5 log 2 (n + 1) 
Introduction

A physical interconnection network is modeled by an undirected graph G = (V(G), E(G)), where each vertex in V(G)
represents a processor of the network and each edge in E(G) represents a communication link connecting two corresponding vertices. In the interconnection network, two neighboring vertices connected by an edge can directly communicate each other. There are four communication models according to ability of vertices and edges. There are two models of vertices, the all-port model and the single-port model. Under the all-port model, each vertex can send or receive a message through all links adjacent to it simultaneously. Under the single-port model, each vertex can send or receive a message through at most one link adjacent to it. There are also two models of edges. Under the full-duplex model, each link can pass at most two messages one in each direction. Under the half-duplex model , each link can pass at most one message in one direction.
Under these models, each message transmission requires one synchronized time unit. Under the single-port and half-duplex model, each vertex can send a message to at most one adjacent vertex(neighbor) at any given time unit. We observe a trivial lower bound of time units to disseminate one message to N vertices. After each time unit, there are messages at most twice as many as those of the previous time unit. Thus, a trivial lower bound of time units disseminating one message to N vertices is log 2 N .
In this paper, we consider the neighborhood broadcasting problem(NBP) under the single-port and half-duplex The NBP is to disseminate one message from a single vertex(called an originator) to only its neighbors. This problem is firstly introduced by Cosnard and Ferreira [1] . They described a simple O(log n) algorithm in the n-dimensional binary hypercube, or n-cube. Fujita [2] reported a protocol which completes in 1.5 log 2 n + O(1) time on the n-star graph. Bermond [3] reported a protocol which completes in log 2 n + O(1) time on the n-cube. A related problem, called the neighborhood gossiping problem has been studied by Fujita, Perennes, and Peters [4] . The neighborhood gossiping problem is to exchange messages among all neighboring vertices. Note that this problem is to simulate a single time unit of the all-port and full-duplex model by some other communication model * . [4] reports the lower bounds of time under the half-duplex and full-duplex model in the n-cube. They proved that under the half-duplex model the time of neighborhood gossiping g h (n) satisfies 2.88 log 2 n + O(1) ≤ g h (n) ≤ 3.76 log 2 n + O(1) and under the full-duplex model the time of neighborhood gossiping g f (n) = 2 log 2 n + O(1). Fujita [2] also studied this problem for the n-star.
There are many papers treating broadcasting problems on various interconnection networks. Especially [5] , [6] treated broadcasting problems on de Bruijn networks. [7] discusses models and results for broadcasting and gossiping with unit-cost model and [8] , [9] for comprehensive surveys.
We study the NBP on undirected de Bruijn and Kautz networks in this paper. The de Bruijn and Kautz networks have been studied on various collective communication problems as good candidates for large interconnection networks. The reason is that these graphs have good properties from the graph theoretic point of view. These graphs have small diameter, fixed degree, easy routing, uniformity and symmetry and fault tolerance and so on. And diameters of these graphs are near optimal with respect to the number of vertices and fixed degree. For more detail properties, see [10] . In this paper, we report a neighborhood broadcasting protocol which completes in 5 log 2 (n + 1) + O(1) time on the undirected de Bruijn graph and the undirected Kautz one.
Preliminaries
For an undirected graph G = (V(G), E(G)) and a vertex v ∈ V(G), let nb(G, v) be the optimal neighborhood broad-casting time from v in G under the single-port and halfduplex model. The optimal neighborhood broadcasting time in G is defined to be nb(G) = max v∈V(G) nb (G, v) . It is clear that
where ∆ G is the maximum degree of G. The lower bound derives from the argument in the previous section. The upper bound derives from a simple protocol in which the originator send a message to neighbors sequentially. For defining the undirected de Bruijn graph, we introduce the de Bruijn digraph first. Let Z n = {0, 1, · · · , n − 1}. And for any integer x ∈ Z n , we define
n be a set of all strings of length d on integers Z n . Definition 1 (de Bruijn digraph): For any integers n and
The de Bruijn digraph has n d vertices and it is n-regular. And it is easily checked that its diameter is d. The undirected de Bruijn graph UB(n, d) is the undirected graph obtained from the de Bruijn digraph B(n, d) by forgetting the orientations of the directed edges. Note that UB(n, d) is not regular. Indeed, n d − n 2 vertices have degree 2n, n 2 − n vertices of the form (abab · · · ) have degree 2n−1, and n vertices of the form (aaa · · · ) have degree 2n − 2.
Definition 2 (Kautz digraph): For any integers n and d
The Kautz digraph has n d + n d−1 vertices and it is n-regular. And it is also easily checked that its diameter is d. The 
Each edge (u, v) in the de Bruijn graph is represented by (u, l i (u)) or (r j (v), v) for some i and j, and v is generated by l i and u is generated by r j . Since a path (u 0 ,
, it is denoted by a sequence of generators and the starting ver-
is called its length and denoted by |S |. A prefix of S is a subsequence such that g 1 g 2 · · · g j ( j ≤ k) and a proper prefix of S is a prefix which satisfies ( j < k). For any two sequences of generators S 1 = s 1 · · · s a and S 2 = t 1 · · · t b , let S 1 S 2 be the concatenated sequence s 1 · · · s a t 1 · · · t b . We also define the inverse sequence
We use the same notations for the Kautz graph. 
Neighborhood Broadcasting Protocol on Undirected de Bruijn Graph UB(n, d)
The main idea of our neighborhood broadcasting protocol is based on [2] . Our protocol consists of two phases. First, the originator vertex informs the message to all the left neighbors. After this, the originator vertex informs it to all right neighbors. These two phases are completed by the same subprotocol. This subprotocol consists of three stages. First, we disseminate the message to n + 1 distinct vertices using a binomial tree B log 2 (n+1) in log 2 (n + 1) time. The binomial tree B k of order k is an ordered tree which has a root vertex r with k children, where the i-th child is B k−i (1 ≤ i ≤ k) . The binomial tree B 0 consists of a single vertex. Using this binomial tree of order k, we can inform the message to 2 k distinct vertices in k time. This dissemination time is optimal. Then, we only use messages received by the vertices within distance log 2 (n + 1) /2 from the originator and spending one time, we inform the message to n+1 vertices within distance log 2 (n+1) /2 +1 from the originator . There remain at least (n + 1)/2 such informed vertices. Hence, by using one more time, we can inform the message to n + 1 distinct vertices such that the distance from the originator to those vertices is at most log 2 (n + 1) /2 + 1. In the last stage, all informed vertices send back the message using a path from those vertices to the originator. Intuitively if we construct cycles from originator via those vertices such that each cycle contain two neighbors, we can inform the message to all left neighbors. Since this subprotocol can be applied for informing to right neighbors, we can complete neighborhood broadcasting by this protocol.
We show how to construct cycles in the next lemma.
Lemma 1:
For positive integers n, k and m(k < m),
n , we define sequences of generators as follows.
•
and
are identities(cycles). That is (CL(I))(u) = (CR(I))(u) = u.
proof : We only show the case of CL(I).
It is easy to see the case of CR(I) in the same manner. Note that CL(I) contains two left neighbors l a 0 (u) and l a k−1 (u) and CR(I) contains two right neighbors r a 0 (u) and r a k−1 (u). Thus,
This proposition shows that for a sequence of integers of length k, we can construct a cycle with length 4k. For this proposition, we obtain the following lemma. We describe our protocol in the case that degree of the originator u is 2n. Our Protocol consists of two phases. First, the originator vertex informs the message to all left neighbors. After this, the originator vertex informs it to all right neighbors. These two phases uses the same subprotocol. This subprotocol consists of three stages. For a vertex v ∈ UB(n, d), let d(v) be the distance from the originator u.
• informing to left neighbors 1. Disseminating the message to n + 1 distinct vertices including log 2 (n + 1) left neighbors and originator. In this operation, we use paths which consists of only left generators for disseminating the message. 2. By using one time, disseminating the message to n + 1 distinct vertices whose distance from the originator is at most log 2 (n + 1) /2 + 1. In this operation, we use paths which consists of only left generators for disseminating the message. 3. Informed distinct vertices disseminate to the remaining left neighbors using the cycles by lemma 1.
Disseminating the message to n + 1 distinct vertices including log 2 (n + 1) left neighbors, we use the binomial tree B log 2 (n+1) of order log 2 (n + 1) .
We construct the tree to deliver the message as follows. We label integers to all edges in B log 2 (n+1) with breath first order using the children's order and assign n left generators l 0 , l 1 , · · · l n−1 to the edges labeled from 0 to n − 1 and nothing to the remaining edges. Let B log 2 (n+1) be the subgraph of B log 2 (n+1) by deleting edges assigned no generators. Assigning the originator vertex to the root, remaining vertices can be assigned using a path from the root to the vertex which is denoted by the sequence of generators (a path in
UB(n, d)). For any vertex v in B log 2 (n+1) , let a(v) denote the assigned vertex of U B(n, d).
For any two distinct vertices v, v ∈ B log 2 (n+1) ,if v and v are not root,a(v) a(v ) because the (d − 1)-th integers of a(v) and a(v ) differ. But there is a possibility that there exists a unique vertex v such that a(r) = a(v),where r is root. In this case, we change B log 2 (n+1) as follows. Let l a 1 , l a 2 , · · · l a k be the path from r to v in B log 2 (n+1) and we exchange generators of the last two edges, re-assign l a k to the edge which l a k−1 is assigned and l a k−1 to the edge which l a k is assigned. Then B log 2 (n+1) is the induced subgraph of UB(n, d) and have n + 1 distinct vertices.
Next we give a simple delivering schedule. For vertex v ∈ B log 2 (n+1) , a(v) sends a message to a(v i ) at t(v) + i time, where t(v) is the time which a(v) get the message and v i is the i-th child of v. The time which root(originator) get the message is assumed to be the 0-th time . This stage can be completed in log 2 (n + 1) time for disseminating the message to n distinct vertices excluding the originator (Fig. 2) .
The second stage begins at the next time. Let I = {v|v gets the message at the beginning of the second stage and UB(13, 6) ). d(v) ≤ log 2 (n + 1) /2 } and J = {w|w gets the message at the beginning of the second stage and d(w) > log 2 (n + 1) /2 }. Then, |I| ≥ (n + 1)/2 and |I| + |J| = n + 1 hold. So, we can assign one destination vertex to one vertex such that all destinations are distinct. So, after this time the message is delivered to n + 1 distinct vertices whose distance from originator is at most log 2 (n + 1) /2 + 1 (Fig. 3) .
In the last stage, let I = {v|v get the message at the beginning of the last stage and 1 ≤ d(v) ≤ log 2 (n+1) /2 + 1}. All vertices in I start sending back the message using the cycles of lemma 1, simultaneously. In this stage, no two messages are informed to the same vertex at the same time from lemma 2. Thus, this stage takes at most 3( log 2 (n + 1) /2 + 1) − 1 time.
Since all left generators are in B log 2 (n+1) , any remaining left neighbor of the originator has the corresponding cycle and receives the message. Thus, after these three stages the message is informed to all left neighbors. Therefore, informing all n left neighbors completes in ( log 2 (n + 1) ) + 1 + 3( log 2 (n + 1) /2 + 1) − 1 time.
For informing all n right neighbors, we can use right generators instead of left generators. The time needed informing all right neighbors is the same with the time of left neighbors. Therefore the next lemma holds.
This protocol can be applied to the cases where the originator vertex has degree 2n − 2 or 2n − 1. In the case of 2n − 1, the originator vertex v is of the form (abab · · · ). In this case, r a = l b holds. So, r a (v) is equal to l b (v). The vertex gets the message at least twice. These are in the phase of informing right neighbors and in the left neighbors. In the case of 2n − 2, the originator vertex is of the form (aaa · · · ). In this case, r a (v) = l a (v) = v holds. So, we can use the generators except for r a and l a . Neighborhood broadcasting takes at most the time of lemma 3. 
Neighborhood Broadcasting Protocol on Undirected
Kautz Graph UK(n, d)
For the Kautz graph, neighborhood broadcasting can be done in the same strategy with the de Bruijn graph. But a little more care is necessary than the de Bruijn graph because all generators cannot always correspond to edges in the Kautz graph. For applying the protocol in the previous section to the Kautz graph, we must assign generators to a binomial tree satisfying that consecutive two integers are different.
For this reason, we change the algorithm to construct the tree to which we assign generators(stage 1 and 2 in the protocol for de Bruijn graph) (Fig. 4) . We describe the case in which the degree of originator is 2n and phase of informing left neighbors. Table 1 Example of f 1 (in Fig. 5 ).
proof : CL (I) is trivially identity. So, it is sufficient to show that for any prefix S of CL (I), consecutive letters in S (u) are different. Since consecutive letters in L I are different, for any prefix whose length is less than or equal k, consecutive letters in S (u) are different. 
+ are different, for any prefix S whose length l is 2k + 1 ≤ l ≤ 3k, consecutive letters in S (u) are different. Since consecutive letters in L u are different, for any prefix S of CL (I), consecutive letters in S (u) are different. f (a k−1 ). So, No two messages are informed to the same vertex at the same time. All vertices in T except for root can start sending back the message using the cycles of lemma 4, simultaneously. Since all left generators allowed to the originator are in T , all left neighbor of the originator receive the message. The last stage takes at most 3( log 2 (n + 1) /2 + 1) − 1 time.
We can apply the same manner for informing right neighbors. The completion time is the same as that of the de Bruijn graph.
Lemma 5:
For vertex u ∈ UK(n, d)(d > log 2 (n+1) ) such that its degree is 2n, nb(UK(n, d), u) ≤ 5 log 2 (n + 1) + 20.
We can also apply the case in which the originator has the degree of 2n − 1. In the case of 2n − 1, originator vertex v is of the form (abab · · · ). In this case, r b = l a holds. So, r b (v) is equal to l a (v). The vertex gets the message at least twice. These are in the phase of informing right neighbors and in the left neighbors. 
Conclusion
In this paper, we have shown a neighborhood broadcasting protocol for undirected de Bruijn and Kautz networks. Our protocol completes neighborhood broadcasting in 5 log 2 (n + 1) + O(1) for UB(n, d) and UK(n, d) ( log 2 (n + 1) < d). Although this completion time is asymptotically optimal, we need to improve the constant factor of it. Neighborhood broadcasting on de Bruijn and Kautz digraphs remains an open problem.
